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Numerical Methods -1
Introduction

Numerical Methods provides various techniques to find approximate solution to
difficult problems using simple operations. Numerical methods are easily adoptable
to solve problems using computers as they involve sequential steps.

We discuss (i} numerical solution of algebraic and non algebraic equations.
(ii) numerical solution of a system of linear algebraic equations.

(iii) numerical iterative method to find the largest eigen value and the
corresponding eigen vector.

IEZ] Numerical Solution of Algebraic and Transcendental Equations

Given an equation f(x) = 0, itis generally not possible to find roots x such that
f(x) becomes zero exactly. This topic deals with two numerical methods of obtaining
approximate real roots of the given equation.

Equations involving algebraic quantities like x, %, x° etc are called as  algebraic
equations.

Example: () ¥ - 4x-9=0 (i) d =80

Equations that involves non algebraic quantities like ¢, log x, sinx, tanx etc. are
called as transcendental equations.

Example: (i) x¢8 - 2=0 (i) xlog,x - 12 =20 (iii) tanx = 2x

Numerical methods of finding approximate roots of the given equation is a repetitive
type of process known as i teration process. In each step the result of the previous step
is used and the process is carried out till we get the result to the desired accuracy. The
value obtained in the succeeding step is always better than the value of the preceeding
step. All the numerical methods are only approximate techniques for the solution of
any problem and computers play a great role in various numerical methods for
obtaining the result to the highest degree of accuracy.
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If f(x}) =0 is a real valued continuous function of the real variable ¥ we have the
following fundamental property

If there exists two values a, b such that f(x) has opposite signs, say  f(a) <0,

f(b) >0, [ Equivalently f(a) - f(b) < 0] then there always exist atleast one
real root in the interval (a,b).

Geometrically the property means that the graph of y = f(x) intersects the x-axis
atleast at one point x, that lies between a and b which is a real root of f(x)=20
Jr. ¥
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This property is useful in locating an initial approximation for a real root of

flx)=0

Itis important to note that if the values a, b of x are nearer enough then the numerical
iterative methods will give the real root to the desired accuracy quickly. In some
methods we have to locate an approximate root y = x, for starting the iterative

process. In which case, if the magnitude say f(a) is nearer to zero compared to
f(b), weprefer to take x = x; = 2 as the initial approximation.

We discuss two numerical iterative methods.

1. Regula-falsi method 2. Newton-Raphson method
Regula Falsi Method or Method of False Position

This is a geometrical method for finding an approximate real root of the given equation,
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Let the given equation f(x) = 0 possess only one real root in the interval (a,b)
and let us suppose that f(a) < 0, f(b) > 0. The graph of y = f(x) in (a,b)
crosses the x-axis at only one point P as in the figure.

Solving f{x) = 0 isequivalent to, finding x suchthat y = 0, since y = f(x).

That is to find the point where the graph of ¥ = f(x) crosses the x-axis which is
nothing but finding the distance OP.

Let A[a,f(a)], B[b f(b)] be any two points on the curve y = f(x). We know
that the equation of the line joining two points A (x,,y,), B(x,¥,) is givenby

Y-y Y-l

X - X X

1 2 T X

1

The equation of the chord AB as in the figure is

y ~fla) _f(b) - f(a) (1)
il )~

At the point P’ where the chord AB crosses the x-axis we must have y = 0. If
a, b arecloseenoughthepoint P tendsto P

Nowputting ¥ = 0 in (1) wehave,
—fla)y _f(b) - f(a)

x—a b—a

ie, (x—a)[f(b)y—-fla)]l=—(b-a)f(a)
ie., x{f(b) - f(a)l —af(b)+af(a)=—-bf(a)+af(a)
ie., x[f(b)Y —f(a)] =af(b) - bf(a)

_ af(b) - bf(a)
f(b) - f(a)
Remark : If a,b areclose enough we can obtain the approximate root to the desired accuracy

quickly. The problems are worked out by finding a and b at a difference of 0.1 to terminate
the iterative process quickly.

Thus

WORKED PROBLEMS

1. Usethe regula falsi method to find a real root of the equation x> —2x-5=0 Ccorrect
to three decimal places.

>> Let f(x)=2> —2x - 5
f(0)==5 f(1y=-6f(2)=-1<0 f(3)=16>0

Areal root liesin (2,3)
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It may be observed that the value of f(x) at x = 2 being —1 is nearer to zero
compared to f(3) = 16 and we expect the root in the neighbourhood of 2. We shall
have the interval {a,b) for applying the method such that b —a is small enough.

Nowf(21) = (21 - 2(21) - 5 = +0.061 > 0
the rootliesin (2,2.1)
IStep: a = 2, flay=f(2) =-1
b=21 f(b)=Ff(21)=+ 0061
af(b) - bf(a)

1o approximation x, = £(b) - f(a) (D)
_2(0061) —(21) (=1) _
N omel = -1y T

1I Step :
f(2.0042) = (2.0942 ) - 2(20942) - 5 = —0.00392 < 0
the root Hes in {2.0942,2.1)
Now, a = 2.0942 f(a) = -0.00392
b =21 f(b) = 0.061
Substituting in the RH.S of (1) we obtain the second approximation.

4. = (2:0942)(0061) - (2.1)(~0.00392)
2" 0.061 - ( -0.00392)

x, and x, are close enough. x, is a better approximation than x,.

= 2.09455

Thus the required approximate root correct to 3 decimal places is 2.095

2. Compute the real root of  xlog,,x — 1.2 = 0 by the method of false position.
Carry out three iterations.

>> Let f(x) =x10g.|0x— 1.2
f(1)=-12, f(2)=-06<0, f(3)=023>0

The real root Hes in {2,3) and from the values of f{x) at x = 2,3 we expect the
root in the neighbourhood of 3 and let us find (a, b) for applying the method such
that (b-a) issmall enough. ‘
f(27)=27log,,27 - 12 = - {].0353|L
The root lies i 7,2
£(28) = 28log,,28 — 12 = + 0.052[ oo (27.28)

il
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I iteration: a = 2.7  f{a) = -0.0353
b=28 f(b) =+ 0052

. _aftb) - bf(a)
L7 f(b)y - fla)

. (2.7) (0.052) - (2.8) (-0.0353)
1 0.052 + 0.0353

I iteration: f(2.7404) = —0.00021 < 0
the root lies in (2.7404,2.8)
Now a = 27404 f(a) = -0.00021
b =28 F(b) = 0052
Substituting in (1) we have
L (27404)(0.052) + (28) (0.00021)

= 2.7404

1]

2 0.052 + 0.00021 = 27406
I iteration : f(2.7406 ) = - 0.00004 < 0

the root lies in (2.7406, 2.8)
Now a = 27406 f(a) = —000004

b=28  f(b)=005
Again substituting in (1) we have,

- (2.7406) (0.052) + (2.8} (0.00004) _ 5 740646

3 (.052 + 0.00004

Thus the required approximate root correct to four decimal places js 2.7406

3. Use the requla falsi method to find the fourth root of 12 correct to three decimal places.
>> Tet x=%12 - =12 or ¥*-12=0
Taking f(x) = x* - 12 wehave,

f(0)=-12<0, f(1)==11<0, f(2)=4>0
. arealrootof f(x) = 0 liesin (1,2) and will be in the neighbourhood of 2.
Now f(17) = -3.6479, f(18)=-15024 <0, f(1.9)=10321 >0

the root in the neighbourhood of 2 liesin (1.8,1.9)
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IStep : Let a =18 f(a)=-15024
b=19 f(b)= 10321
af(by —bf(a)
_a .qa
U7 R (b - fa) M
C(18)(1.0321) + (19) (1.5024)
Y17 10321 + 1.5024 = 18593

IIStep: f(1.8593) = —0.0492 < 0
the root lies in (1.8593,1.9)
Now 4= 18593 f(a)=-00492
b=19 ftb) = 1.0321
Substituting in (1) we obtain x, = 1.8612
I Step: f(x,) = f(1.8612) = —0.00025 < O
the root lies in (1.8612,1.9)
Now a=18612 f(a)= -0.00025
b=19  f(b)= 10321
Substituting in (1) we obtain Xy = 1.86121 = 1.861

Thus the required fourth root of 12 correct to 3 decimal places is 1.861

4. Show that a real root of the equation  tanx + tanhx = Q0 lies between 2 and 3. Then
apply the regula falsi method to find the third approximation.

>> Let f(x)=tanx + tanhx

In radian measure,
f(2)=tan2 + tanh2 = - 1.221 < 0
f(3)=tan3 + tank 3 = 0.8525 > 0

This shows that areal rootof f(x) = 0 liesin (2,3).

il

I approximation : Let a = 2 fla)y=-1221
b=3 f(b) = 08525
_af(b) - bf(a)

17 76 (b) - f(a)
2{0.8525) + 3_( _1.221)

= = 259
1 0.8525 + 1.221
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1l approximation : f(x ) = f(259) = 0.3735 > 0
The root lies in (2,2.59)
Now a=2 flay=-1221

b =25 f(b)=03735

T2 = 0.3735 + 1.221
Il approximation : f(x,) = £(24518) = 0.1603 > 0

The root lies in ( 2,2.4518)
Now a=2 fta) =-1221
b =24518 f(b) = 0.1603

. _ 2(0.1603) + (24518) (1221)
3 0.1603 + 1.221

= 2.3994

5. Find the approximate value of the real root of the equation ¥ - 3x+4=0 using
the method of false position (Carry out 3 iterations)

>> Letf(x)=x3—3x+4

f(0)=4>0. f(x) continues tobe positive for x = 1,2,3,... andhencewe shall
put x = -1,-2,-3,...

f(-1)=6>0, f(=2)=2>0, f(-3)=-14<0

A real root lies in (—~3,—2) and we expect the approximation to be in the
- neighbourhood of —2.

Now, f(-21)=1039, f(-22)=-0048
the root liesin (-2.2, -2.1)
I iteration: a = -22 f(a) = —0.048
t("= ~21  f(b) = 1.039
v = af(b)-bf(a)
b f() - f(a)

_(-22)(1.039)- (2.1)(0.048) _
17 1.039 + 0.048 = 219

3
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II iteration : f(xl) = f(-219) = -0.002 < 0

The root lies in (—2.196, -2.1)
Nowa = -2196 f(a) = -0002
b=-21 f(b) = 1.039
_(=2196) (1.039) — (2.1) (0.002)

% 1.039 + 0.002 =~ 21958
III iteration: f(xz) = f(—2.1958) = —0.00027 < O
The root lies in {—2.1958, - 2.1)
= -21958 f(a) = -0.00027
b=-21 f(b) = 1.039
g, = (Z21958)(1039) - (21) (000027) oo

3 1.039 + 0.00027
Thus the approximate value of the real root is ~ 2.1958

6. Find the real root of the equation cosx = 3x — 1 correct to three decimals by using
regula falsi method.

>> Let f(x) =rcosx + 1 — 3x.
Inradians f(0) =2 >0, f(1)=~146 < 0
Arealrootliesin (0,1) and we expect the root in the neighbourhood of 1.
Consider f(0.6) = 0.0253 > 0, f(0.7) = -03352 < 0

the root lies in (0.6,(.7)
I iteration: a = 0.6  f(a) = 0.0253

b=07  f(b)=-03352
o = Af(b) —bf(a)

Yf(B) - fla)
x; = 0.607 (on substitution and simplification)
Il iteration: f(:lc1 ) = f(0.607) = 0.00036 > 0
the root lies in ( 0.607, 0.7 )
Now a=10607 f(a)= 000036
b=07 f(b)=-03352

xy = 0.607 (on substitution and simplification ).

Hence the real root correct to 3 decimals is 0.607
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7. Use the requla falsi method to obtain a root of the equation  2x ~ log, x = 7 which
lies between 3.5 and 4. '

>> Let f(x) = 2x — log,yx - 7
f(35) = 2(35) — log, 3.5 - 7 = 0541
f(4)y=2(4) - log,,4 -7 = +0.3979
- Taking @ = 35 f(a) = -05441
b=4 f(b)=03979
We have the first approximation

. _af(b) = bf(a)
1T Ofh) ~ fla)

3.79 ( on substitution and simplification )

il

X

Also, f(xl) = f(3.79) = 0.00136 > 0

. rootliesin (3.5,3.79)
Now a=35 f(a)=-05441
b =379 f(b) = 1000136

. = (3.5) (0.00136) + (3.79) (0.5441)
N 0.00136 + 0.5441
Thus the approximate root correct to two decimal places is 3.79

11

It

= 3.7893 = 3.79

8. Find the smallest positive root of the equation - log, x = 12 by Regula - Falsi method.

>> let f{x)= xzrlogex—u

F(1)=-11<0,f(2) = -869 <@, f(3) = -4.0986 < 0,f(4) = 26137 > 0

areal root liesin (3, 4) and will be in the neighbourhood of 4.
Now f(3.6)=-03209 and f{3.7) = 03817
I iteration: Let a=236, f{a)=-0.3209
b=237, f(b)=03817
x, = 5{-—“’)_5 ) D)
f(by=f(a)

On substitution we obtain, x| = 3.6457

il
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II iteration: f(3.6457) = —0.00242 < 0
the root lies in ( 3.6457 , 3.7)

Now, a = 3.6457 f(a) = -0.00242
b=37 f(b) = 03817

Substituting in (1) we obtain X, = 3.646042

Thus the required root correct to 3 decimal places is 3.646

9. Find the oot of the equation x ¢ — cos x = O by the method of false position.

>> Let f(x) =x¢ —cosx
f(0)y=-1<0, f(1)y=2178 > 0
Further we have, f(05) =-00532 <0, f(06)=+02679 >0
the root liesin ( 0.5, 0.6)
I iteration : Let a=205, f(a)=-00532
b=06, f(b)=102679

_af(b)-bf(a)
TR ) f(a) SR

On substituting we get, x; = 0.5166

IT iteration: f(0.5166) = ~0.0035 < 0
the root lies in (0.5166, 0.6)

Now, a = (05166, f(a) = -0.0035
b=06, f(b) = 02679

Substituting in (1) we get x, = 0.5177

Il iteration: f{0.5177) = —0.00017 < 0
the root lies in ( 0.5177, 0.6)

Now, a = 0.5177, f(a) = -0.00017
b =06, f(b) = 0.2679

Substituting in (1) we get x; = 0.5178

Thus the required root is 0.5178
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10. Find the negative root of the equation x> —4x+9 = O from the requla - falsi method.
>> Let f{x} = X -ax+9
. F0OY=9, f(-1)=12, f(=2)=9, f(-3)=-6<0
Negative root lies in (-3, —2) and will be in the neighbourhood of - 3.
Now f(-28)=-1752, f(-27)=+0117
the root liesin (—2.8, —2.7)

I iteration: Let a =-28, fla)y=-1752
b=-27, f(b)y = +0117
. _af(b)-bf(a) (1)
Vo f(b)—f(a)

On substitution we get x;, = —2.7063

Il iteration: f(-2.7063) = 0.0041 > O

Now, let a=-28, flay=-1752
b=-27063, f(b) = 00041

Substituting in (1) we get x, = —2.7065

Thus the required negative root is — 2.7065

Newton - Raphson method

In this method we locate an approximate real root of the given equation and improve
its accuracy by an iterative process.

Let f(x) = 0 be the given equation and let x, be an approximate root of the
equation. If / is a small correction applied to the root then x; + /1 is the exact root and
we try to find 4 such that f(x0+h 1=0

Using Taylor’s expansion of f(x,+#) we have,

hz
flxg) + 7 (xg) + 5 £/ (xg) + = =0

Since h is a small quantity, W, being still smaller can be neglected.

Hence we have
£ X))
f'(xg)

flxy) + hf'(xg) =0 or h=-
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The first approximation to the root Xy is given by X, =Xy + k. That is,
flxy)
X, = X, — 3
1 0 f (x[])
The second approximation is obtained by replacing %y by x; in the RH.S of this

provided f’(xo) =0

expression. That is

f(x)
X, =X _JB(XJ and so on.
In general we can write,
fix)

L R Fix)
fl
This is called Newton-Raphson iterative formula,

WORKED PROBLEMS

11.  Use Newton - Raphson method to find a real roof of the equation x° = 2x = 5 = 0
correct to three decimal places.

>> We shall find an interval (4, b) where a real root of the equation lies and then
locate the approximate root.

Let  f(x)=2x —2x -5
f(0)y=-5<0, f(ly=-6<0, f(2)=-1<0, f(3)y=16 >0

Arealrootliesin (2,3). Itwillbeintheneighbourhood of 2and let the approximate
root x, = 2.

The first approximation is given by
(2)

H%) |
R TN I O FY

We have f(x)=x3—2r - 5, f’{x)=3x2— 2

_5_ =1y 1
x1—2 3(22)_2_ 0—21 .
. J(x) (2.1)
Again, % =1 S fi(x) = Cf(a1)

x, =21 - 2=l et P T 2 s 0946



NEWTON - RAPHSON METHOD 263

[(2.0946)° - 2(2.0946) ~ 5]
[3(2.0946 ) - 2]

Similarly x, = 2.0946 — = 2.0946

Thus the required approximate root correct to 3 decimal places is 2.095

12, Show that a root of the equation x* 4 5x = 11 = 0 lies befween 1 and 2. Find the root
by Newton - Raphson method (carry out 3 iterations)
>> Let f(x) = ¥+ 50— 11
f(1y=-5<0, f(2)=7>0

arealrootliesin (1,2} and let Xy =1

Wehavef(x)=x3+5x—1], _f’(x)=3x2+5
— fxy)
iteratton: x =x, —

1 0 f(x(})

P €D R -2 E .

5
) , i 2 = 1625
1 £ (1) [3(1)° +5] °
o (1.625)
Il iteration : Xy = 1625 ~ F701.625)
1 2o 3
625 ) 625) = 1
o s [(1.625) + _5__(__1_2_62_2__111 _ 15154
[3(1.625)" + 5]
IIT iteration :
3
15154 5(1.5154) — 11
vy - 15154 - (181577 + SUSISH — 1]

[3(15154) + 5]
Thus the required root is 1.5106

13.  Use Newton - Raphson method to find a real root of xsinx + cosx = 0 near
x = n. Carry out the iterations upto four decimal places of accuracy.

>> Let f(x) = xsinx + cosx (

f'(x)=Xxcosx + sinx — sinx = xcosx
Also Xy =T (In radian measure)
f(xg) ,- "
S840 T MSINET + COST
v =3 o/ o flm) . (nsing + cosm)

1 U_f’(xo)_n_f’(n)ﬁ T Ccos 1

-
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X =T - 1 = 2.8233
n
[ 2.8233 sin (2.8233) + cos ( 2.8233)]
Now, x, = 2.8233 — L
oW h 2.8233 cos ( 2.8233 )
x, = 2.7986

[2.7986 sin (2.7986) + cos (2.7986) ]
2.7986cos (2.7986)

Now, Xy 2.7986 -

2.7984

=
H

Again replacing 2.7984 in place of 2.7986 as earlier we obtain x 4 = 27984

Thus the required real root is 2.7984

14. Find a real root of the equation D4+ 4=0 applying Newton - Raphson
method. Carryout twe iterations.

3

>> Let f(x)=x +x% + 3% + 4

f(o)y=4 f(-1)=1, f(-2)=-6<0

areal rootliesin (—~2,-1) and let Xy =-1

Wealso have f'(x) = 3% + 2x + 3

flxg)
I iteration: x, = Xg = Lo
f (.x‘o)
ASAY. (1)
1T e 3243 P
iteration : x, = f(=1.25)
II iteration : x, = - 1.25 - F(-125)
= 105 _ L(-125)° + (~125)" + 3(-125) + 4]
i [3(~125)" + 2(~125) + 3]
X, = - 1.2229

Thus the required real root is —1.2229 = — 1,223
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15. Use Newton - Raphson method to find 37 correct to 3 decinal places.

>> Let x =337 - ¥ =37 or ¥ ~37=0

Taking f{x) = x° - 37 wehave f(3)=-10 <0, f(4)=27>0
areal rootliesin (3,4) andlet x; = 3 be the initial approximation.

Also f'(x} = 3%

he first flxy)
e first approxaimation x, = x, - ., -
Py PT (y)
X =3 - 3 5 (- 12-) = 33704
£7(3) 3(3%)
£(3.3704) [ (33704 — 37]
Now, x, = 33704 — 2~-=" """ = 33704 -
2 f7(3.3704) 3(3.3704)°
x, = 3.3327
:!r p—
Now, x, = 3.3327 - [(3.3327)" = 371 _ 5 3359

3(3.3327)°
Again replacing 3.3322 in place of 3.3327 as earlier we obtain x, = 3.3322

Thus the required Y37 correct to 3 decimal places is 3.332
16. Find a real root of the equation x¢* — 2 = 0 correct to three decimal places using
Newton - Raphson method.
>> Let f(x)=1x¢ -2
f(0)y=-2<0, f(1)=07183 >0

areal root liesin (0,1) and et X, = 1

Also  f'(x)=xé"+ ¢ = (x+1)
flxy)
M G )
f(xg) £
x, =1 - 0i1783 = 0.8679
el (2)
0.8679
x,= 0.8679 SLOBE79) i ggrg 1080792 21_ 08528

f(0.8679) 879 (10,8679 +1)



266 NUMERICAL METHODS - 1

[0.8528:°%%8 _ 2]
8528 (1 8528)

x, = 0.8528 ~ = (.8526

Again replacing 0.8526 in place of 0.8528 as earlier, we obtain x, = 0.8526.

Thus the required real root correct to three decimal places is 0.853

17, In calculating the height of a vertical colummn which will buckle under its own weight, it

3 2
is necessary to solve the equation T NI S R (. Find one of the root
: 1 12960 ~ 180 ' 6

near x = 8 upto 3 decimal places using Newton - Raphson method.

2
>> Let f(x) = 12960 ~ ]86 + i 1 and x, = 8 by data.
X2 X 1

P00 =330 %0 * 6

So) o f(8)

TR G T )
g 8 8
12960 180 T 6 !
=8 - —— — 78133
&£ 8 1
320 "0 te

Now replacing 7.8133 in place of 8 as above we obtain the second approximation
X, = 7.8147 and on similar lines we obtain x, = 7.8147.

Thus the required root near x = 8 is 7.815

Use Newton - Raphson method to derive the following and hence compute as
mentioned. [ 18 to 22 ]

18. An iterative formula to find NN and hence find 12

19. An iterative formula for the recipracal of the square root of a positive number and hence
find (15) V2 correct to four decimal places.

20. Aninterative formula for finding cube root of N and hence find cube root of 10,

21. An iterative formula for finding the reciprocal of @ number and hence find 1/18.

22. An iterative formula for finding the K" root of a positive number and hence find fourth
root of 22
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>> 18. Let x = VN
2=N or ¥-N=0

Taking f(x)zxz—N, wehave f'(x) =2

Newton Raphson iterative formula is given by

f(x,)
Yne1 = % ﬁf’(xn)
‘ (X2 -N) 24-22+N x+N
u:_’ X - X - . = e —— = oo
n+1 n 2xn an Zln
i N
Thus xn+1=51ixn+x—n] (D

This is the required iterative formula for finding VN.

Tofind V12 wehavetotake N = 12 and the initial approximation can be located as
follows.

Vo = 3, V16 = 4 and V12 iscloserto ¥9 = 3.

Let x, = 3 and the successive approximations x;, x,, X, ... areextracted from (1)

0
by putting n = 0, 1,2, ...

1 1721 1] 12
x1—2 x0+x0 =5 3+§}_3.5
1] 127 17§ 12
x2=§ x]+x—] —2 35+3—5i|——34-643
1 127 1] 12
Xy = Xy + % =5 34643 + 3.4645] = 3.4641
1 2] 17 12
x4 = 5 x3 + x3 = Q 3.4641 + 5:4641 } = 34641
Thus V12 = 3.4641
1 1 1
>>19.Letx—m..x2—N orxz—N——O
1
Taking f(x) = X - N e have f’(x) = 2x and substitution in the

Newton-Raphson iterative formula yields
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2 _ = 2 2 : 2
xn N _ i}_— x?j + 1/N ~ In + 1/N

a1 Y 2y o 2% T oy

H " n

1
[x”-!-j\‘};;;t} (D)

This is the required iterative formula for findin g 1/ VN

[ SR

Thus «x =

nt+1

Tofind {15)" 12 = 1N15 we have to take N = 15 and the initial approximation is
located as follows.

Since 1/V15 is close to 1/V16 = 1/4 = 0.25, we shall take Xy = 0.25 and the

successive approximations are obtained from (2) by putting # = 0,1,2,... .

1 1 1 1 .
xl = 5 l:xo + EBJ = 2 ]:[).25 + 15;6_2_5J = 0.2583
1] 1 ] 1 ( 1
= | v 4 - - ). e 1 ]
Hh=p14n 7 15z, J 2 L{ 2583 + 1o 0.25881 0.2382
1 1 1 1 1
%23t i |7 {0.2582 v -}-(—@J = 0.2582

>> 20. Let x =3IN = ¥ =N or ©2- N =0,

Taking f(x) = ¥ —N we have f(x)y= 3x? and substitution in the Newton -
Raphson iterative formula vields

YN 3 -+ N 2x° + N
n _ _H n _ "

n+1 n 3¢ 3x2 3x2
] n n

x2
n

=]

Thus «x

.. (3)

n+1

3|
3 Zx, +

This is the required iterative formula for finding IN.

To find 3\!1—0, we have to take N = 10 and Y10 is close to Y8 = 2 and hence we
shall take X, = 2.
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Also from (3) we cbtain

1. 10t 1] 10
x1=55b0+-—2— =y —2 ~21667
X
1 10 |
x2=é|{2x.l+ = :-1—'[2><21667+ - -1[--)——}:21'%45
1 |3 (23667 )"
1 10 | b
X, o= er,, + == 2 x 21545 + —— 0 > | = 2.1544
STy (2.1545)
1 0] 1 K
Xy = 5 |(2x3 + 2 = 2 x 21544 + 10 5 = 2.1544
3078 (21544)° ;
Thus W = 2.1544
1 1 ]
s> 21. let x=— or -=N o -~-N=290
N X 2}

, 1 ,
(It may be noted that ifwe take f{x) = x - N fr(xy=1 x, , becomes 1I/N it selfy

1 : 1
Taking f(x) = - - N we have f'({x) = —— and substitution in the Newton -
. v ) 2
Raphson iterative formula will give us
(/x, - Nj 5
Xps1 = ~ __;;2 CoEX Y (1/'1";: - N)
{0 —= _ _ NS 2
e 5 Yyr1 = *u + Xy NX; - 2xn 'N"n
Thus x’Hl:xn(Z—an) .. (4)

This is the required iterative formula for finding 1/N

To find 1/18 we have to take N=18 and we observe that 1/18 is close to
1/20 = 0.05 and hence we shall take X, = 0.05.

Also we obtain from (4),

X, = xg (2-18x,) = 0.05(2~18 x 0.05) = 0.055

bad
1l

, = X (2~ 18x,) = 0.055 (2 -18x0.055) = 0.05555

Xy = Xy ( 2-18x,) = 0.05555 (2-18x0.05555) = 0.0555555.

Thus 1/18 = 0.05555
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k
»>> 22, Let X:W=Nl/k xkzN or J}[—N=0

Taking f(x)=x - N, f'(x)=kd¥"L
Substituting in the Newton - Raphson iterative formula we have,

(d-N)y kd N

o1 =Xy ~ kl}g—l - kxk;i“—
H H
(k-1)x* + N
Thus Xp,q = kx::l

k-
This is the required iterative formula for finding VN
Tofind Y22 wehavetotake N = 22 and & = 4.
We obtain from (5),

3%, + 22

1 1

X =——,—=—13x

H4+1 4 n |
4Xi L X J

Further, we know that ¥16 = 2 and 481 = 3.

To find 422 we shall take X, = 2 and we have from (6),

1 27 1T 22
x1=1 3x0+—3 =‘-'4 3X2+§}——-2.1875
*o | L
1 22 ] i y
X, = 4| 3% + 5 | = ;11- 3 x 2.1875 + - —22—3 = 2.1661
4 x; i (2.1875 )
; -
Xy = 1 3x, + g3 . 3 x 2.1661 + — 22—3 = 2.1657
4 x; 4 | (2.1661 ¥
1 17T 2
X, = % 3x, + 2—3 = 5| 3% 21657 + -~ | = 21657
Hn| 4| (2.1657 )

.. {6)
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23. Derive Newton - Raphson iterative formula to find the real root of the equation
x log,, x = 1.2 and hence find the root correct to five decimal places.

>> We have Newton - Raphson formula,

A
xrt+1_xn_ff(x”) (1)
Let f(x) = xlog,x-12

, d .
f(x) =x o (logyy x)+log 4y x -1

d
=x o (log{x-]()gme)+iog]0x.

But logloe = 0.4343

, 1
f {x)=104343x" p +log,,x = 04343 +log, , x

Hence (1) becomes

(x,log,x, —12)
*ne1 = %n T 04343+ log, - x
: 810 *n
0.4343x +1.2
Th = - (2
R 0.4343 +log,  x, @
This is the required iterative formula. '
Next let us locate an approximate root of the equation f(x} = 0, where
f(x) = xlogyx—12
flly=-12<0, f(2)=-06 <0, f(3)=023>0

We expect the root in the neighbourhood of 3 and hence let us take x,, = 3 as the initial
approximation.

We have from (2) whenn = 0,

04343x%)+12 04343 x 3+12
U7 0.4343+log, %, 04343 +log 3

04343 x, +12

% = S BBriog,, 5, ~ 2068
04343 x,+12

'3 7 04343+ log %,

Thus the required approximate root correct to five decimal places is 2.74065

= 2.74615

I

2.74065
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24. Using Newton - Raphson method find an approximate root of the equation
xlog,,x = 1.2 correct to five decimal places that is near 2.5

>> | Referring to the previous problem it may be observed that this problem is worked by
deriving an iterative formula)

Let f(x) = xlog,,x—12 and x, = 25 by data.
f(xy)
Xy = Xy
SR MY

Wehave f'(x) = 04343 + lngm x | Refer the previous problem |

. f(25)
T PR 25__ 4 B
Now Xy £7(25)
[2.5 logm 25-1.21
=25 - -7 - - -—— = D 74p5
0.4343 + logm 25
[2.7465log,,,2.7465 - 1.2 ]
Next Xy = 2.7465 — Cm——— — = 2.74065

0.4343 + log, , 2.7465

Similarly on replacing 2.74065 in place of 2.7465 we again obtain 2.74065
Thus the required approximate root is 2.74065

25, Using Newton - Raphson method, find the root that lies near x = 4.5 of the equation
tan x = x correct to four dectmal places. (Here x is int radians)
2 2

>> Let f(x)=tanx-x s fi(x) =sectrv—1 = tan" x
Also x, = 4.5 radians.
J (%)
I Iteration: x, = x — -
f{45)
=45- 1"
F(45)
B)-4.
%, = a5 LANUES) ANy hga
tan” (4.5)
Il Iteration :x, = 44936 — tan(4"i936)_4'4936]
tan” ( 4.4936 )
x, = 44934

2
Again replacing 4.4934 in place of 44936 we obtain x, = 4.4934

Thus the required real root is 4.4934
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EXERCISES

Use Regula-Falsi method to find a real root of the following equations correct to three
decimal places.

. Y -5r-7=0

2 - P 120 in@4 15
3. x-3¢"=0

4, ¥ -9 +1=0 in(253)

n
5. x3+x“+x+7=0

Use Newton - Raphson method to find a real root of the following equations correct
to three decimal places.

6. X+ -7 -x+5=0 in(23)
7. ¥ ~3x-~-5=10

2
8. x -log x-12=0

9. logx — cosx =0 near x = 1.5

With the help of an appropriate iterative formulae originating from the Newton
Raphson method compute the following correct to four decimal places.

10. (12) /2 11. V17 12, 1/Ve

13 22 14. 1/e 15. 3300
ANSWERS

1. 2.747 2. 1.404 3. 1.050

4. 2.741 5. ~2.105 6. 2.061

7. 2.279 8. 3.646 9. 1.303

10. 0.2887 11. 4.1231 12. 0.6065

13. 2.8020 14. 0.3679 15. 2.8854
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Iterative methods of solution of a system of algebraic equations
We are familiar with some methods for solving a system of algebraic equations.

We have earlier discussed two methods giving exact solution of a system of algebraic
equations [ Vol.1, Unit-VII ]

1. Gauss elimination method 2. Gauss-Jordan method,

In this article we discuss two numerical iterative methods for solving a system of
algebraic equations.

These two methods cannot be applied to any system of equations. It is applicable only
when the numerically large coefficients are along the leading / principal diagonal of
the coefficient matrix A associated with the system of equations usually represented
in the form AX = B. Such a system is called a diggonally dominant system.

The methods are illustrated for the following system of three independent equations
in three unknowns.

A, X, + A0 X +a.]3x3:b1

1" 1272

By X) + gy Xy + 0y Xy b2

fag Xy + A3 X) + B3 X3 = by

This system of equations is said to be diagonally dominant if
lag | > Tap I+ Tag o Tay | > Tay |+ [ay | lagg | > fag |+ |ag,|

Sometimes we may have to rearrange the given system of equations to meet this
requirement. If this condition is satisfied, the solution exists as the iteration process will
converge.

Gauss - Seidel iterative method

We write the system of equations in the form

1 - -
x, = a by =a,, X, =5 X, ..M
1 - -
Xy = b:/_,—a21 X) ~fy3 Xy . (2)
22 L -
1 - .
Xy = E; by =y X~ X, o (3)

We start with the trial solution (initial approximation)

X, =0, x2=0, 1‘3=0.

The first approximation are as follows.



GAUSS SEIDEL METHOD 275

(1 _ 1 12 L
x, 0 = a [bl—au c0-a, - OJ =

This approximation is immediately used in (2) so that we have

(o LTy,
Xy = [bz By X5 s UJ
22
¢
5 oy L] . byl
e, .12 = a | bz azl Ca | |
22 | Vo1 )
Finally, we use both these approximations in (3), so that we have
(1y _ . 1 1y (1)
*3 0= s [b:s R N VRS ]

This completes first iteration.

The process is continued till we get the solution to the desired degree of accuracy.
WORKED PROBLEMS

26. Solve the following system of equations by Gauss - Seidel method

12

Wx+y+z
x+10y+z = 12
x+y+10z = 12

>> The given system of equations are diagonally dominant and the equations are put
in the form

x:.llﬂ_[lz_,y_zJ .M
y=%[12—x—z] o A2)
z = ilﬁ [lz—x—yJ - (3)

Let us start with the trial solution x =0, y =0, z = 0.

First iteration :

1]—0 [12—0-0] =12
1

(- 2 T12-12-¢0
v=qg (12-12 {]J 1.08

(h _ 1 19-1087 =
z 10 [12 1.2 .USJ 0.972
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Second iteration :

MR [ 12-1.08-0.972 | = 0.9948
10 ¢ 4

(2y 1 ~

¥ =15 [ 0.9948 — 0972] = 1.00332

(2y _ 1 _ _

2% =15 [12 0.9948 100332} = 1000188

Third iteration :

x3) = % [12- 1.00332—1.000188] = 0.99965
¥ = 55 [ 12-0.99965-1.000188] = 1.00002
(3) _ 1 0 OOOES _ T

29 = 1o [12 0.99965 - 1.00002 | = 1.00003

Fourth iteration :

1 _
) = 1o | 12 - 1.00002 - 1.00003] = 0.999995 =~ 1
1 -
Y = 15 | 12-1-1.00003 ] = 0999997 =~ 1
() _ 1 oroy_ -
27 =45 _12 1 1] 1

Thus x=1,y=1,2=1

Remark : The iterative process could have been smp;wd at the third iteration itself as the
solution can be approximatedfo x =1, y =1, z = 1

27.  Solve the following system of equations by Gauss - Seidel method to obtain the final solution
correct to three places of decimals

x+y+54 = 110
27x+6y—z = 85
x+15y+22 =72

>> The given system of equations is not diagonally dominant and hence we have
to first rearrange the given system of equations as follows.

Wx+6y-z=8 (|27 > |6|+|-1])
6x+15y+2z =72 (15| > |6 |+ [2])

X+y+54z =

( Observe the coefficients colimn wise for rearrangement )
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These equations are now written as follows.

R S
.1—27 LSS 6.l/+,¢J

LY

y =1 [72—6x—22j

.o L ey
z= g []10 X yJ

()

Q)

(3

First iteration : We start with the trial solution x = 0, y=0,2=0

NEO

[85—0+0'1

i

\]b—l

27

(- L ooyl 1815, 0
¥ = [72 6 (3.14815 ) 0]

NERI [110~3.'l4815—3.54074]

54

Second iteration :

{2 — — o3 3

x > ]:85 6(3.540:4)+1‘91..17J
(2) . + _ _ 1
A [72 6(2.43218) 2(1.91317)_J
g2y _ 1 — 243218 - 35

z = [110 243218 3.]204}

Third iferation :

NEI

FEN [72-6(242569) ~2(1.92585) |

3.1 [110-2.4256() -~ 357294 |

54 J

Fourth iteration

4y _ 1 — 6 ( 357904 g95¢
W= [85 6(3“.7294)+1,)2595}
(4) _ 1 —6i 49~ 2 ¢ 197505
y T [72 6{2.42549 )~ 2 (1. 2593)_]
4 _ L or 0 940549 57307
z 5 [110 24254 3.57301 ]

[ 85— 6 (3.57204 ) + 1.92585 ]

= 3.14815

= 3.54074

= 1.91317

I

243218

3.57204

1.92585

2.42569

3.57294

1.92595

2.42549

3.57301

1.92595
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It may be observed that the solution in the third and fourth iteration when
approximated to three places of decimals is the same.

Thus x = 2426, y = 3.573, z = 1.926

28. Solve the following system of equations by Gauss - Seidel method.
20x+y~-2z =17
Jx+20y-z = - 18
2¢—3y+20z = 25

>> The equations are diagonally dominant and hence we first write them in the
following form.

1

x=ﬁ_17—y+2z]
yzi_*18—3x+z}
2=~ [25-20+3 1

T2 [T

We start with the trial solution x =0, y =0, z =0

First iteration:

1y _ 7 _

K = o5 = 085

y(l):l[_lg_fg(ogg,}} = —1.0275

20 T '

(1) _ L [9e_ _ -

z _20[25 2(0.85)+3( 1.0275)] 1.0109
Second iteration .

2y _ L rqm_ =

x _20[17 ( 1.0275)+2(1.0109)1 1.0025

2y _ 11 qa_ -

y _20[ 18 3(1.0025)+1.0109] 0.9998

A2) = 210 [(25—2(1.0025)+3(—0.9998)J = 0.9998
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Third iteration :

A3 = 2%[17—-(—09998)+2(09998)J = 0.99997

y(”:zi[ 18—3(0.99997)+0.9998} = - 1.0000055

zmzzi[zs 2(099997)+3(-10000055)] = 1.0000022
Thus x =1, y =-1, z =1 is the required solution.

29. Employ Gauss - Seidel iteration method to solve
Sx+2y+z =12
X+4y+2z2 =15
x+2y+52’= 2()-

Carryout 4 iterations taking the initial approximation to the solutionas (1, 0, 3)

>> The given system of equations are diagonally dominant and we put them in the
following form.

X 5[12 2y—=z]

L5 yo22]
y = 4 x-2z
z=5 [20-x~2y]

By data, x%) =1, (0 =9, D=3

First iteration :

x(”=é[12—2(0)-3] = 1.8
y“):i-[w—].s—z(a)] =18
A1 = % [20-18-2(1.8)] = 2.92

Second iteration :

x(2)=%[12—2(1.8)~2.92] = 1.09%
2y _ 1 e _ :
Y2 = 115-109%-2(292)] = 2016
#£2) = % [20-1.096-2(2.016)] = 2.9744
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Third iteration

43

43 =

A3) 2

Fourth teration

FE

4
S =

W= i )| e

1
5
1
:
1

5

f12-2(2016)-29744] = (0.99872

[15-099872 —2(29744)] = 2.01312

[20-0.99872 -2 (2.01312) ] = 2.995

[12-2(2.01312)—2.995 | = 0.995752
[15-0.995752 —2 (2.995)] = 2.003562

[20 - 0.995752 - 2 ( 2.003562 ) | = 2.9994248

Thus the solution after four iterations correct to four decimal places is given by
x = 09958, y = 20036, z = 2,999

30. Souve the sytem of equations represented AX = B by applying Gauss - seidel iferative

method where

-

[28 4 -1 {x 32
A=l1 3 10| x=|y| B=I24]
! - | 35 |
L2174 L L5

Perform five iterations to obtain the solution correct to four decimal places.

>> It can be seen that numerically large coefficients are not in the principal diagonal.
We need to interchange the second and third row in A so that we have the following
system of equations in the diagonallv dominant form.

28x +4y -1z =32
2x +17y+4z =35
x +3y +10z= 24

From these we have,

1
X =5g [32-4y+2z]

=
Il

1]
i

1
17 [35-2x—4z]

1
= ﬂ) [24—1“3}/]

We start with the trial solution x = 0, y =0, z =0
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First iteration :

#2219

28
(]]__.1_ 5 -
v =5 [35-2(1.1429)] = 19244
zf”=i[24-11499—3{19244)?=17084
10 e ' I

Proceeding on the same lines the values obtained at various iterative levels are
tabulated.

_ i__.eszsled_i_t?_rafion Third iteration ~ Fourth iteratio T Fifth iteration

x0T oss I 099 * . 09936

Cy o AW s sy | sy
z 1.8428 P88S . 18486 | 18485 |

Thus the solution correct to four decimal palces is given by

x = 09936, y = 15070, z = 1.8485

Relaxation method

The method is illustrated for the following diagonally dominant system of three
independent equations in three unknowns.

A Xy +a,x, + PER = b1
App Xy HapX, +axy =,
=bh

A3 %) T lgn%, +a4%,

From these equations the residuals RI , R2 s R3 are defined as follows.

Ry=apx +a,x + a3%3 = b
Ry =ty xy + a0, + ay,x, - b,
Ry = a3 %) + ag, %, + ay, Xy ~ by

The values of X, + Xy, X, that make the residuals R, R,, R, simultaneously zero

constitutes the exact solution of the system of equations, If this is not possible we need
to make the residuals as close to zero as possible. (residuals relaxed to zero)

The values of Xy, Xy, Xy at that stage constitutes an approximatate solution.
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The relaxation method aims in reducing the values of residuals as close to zero as
possible by modifying the value of the variables at every stage.

At every step the numerically largest residual is reduced to zero / almost zero by
choosing an appropriate integral value for the corresponding variable.

These integral values are called the increments in x,, x,, x; denoted by
Ax.l, Ax,, Ax, respectively. If the system possess exact soultion thernt Rl . Ry, R3

becomes zero simultaneously and the required solution will be the sum of all these
increments.

That is, X = ZAxl, Xy = Zsz, Xy = ZAx3

When the system doesnot possess exact solution, we need to continue the process by
magnifying the prevailing residuals on multiplication with 10. Later we divide by 10 to
obtain the solution correct to one decimal place.

The process (multiplication with 10) will be continued to meet the requirement of the
solution to the desired accuracy. (decimal places)

Remarks :

1. The salient feature of this method is that we can obtain the solution of a diagonally
dominant system of equations to the desired accuracy without the extensive use of
calculator.

2. First three problems in this method are solved with explanation in the Remarks column
to get a clear insight of the method.

WORKED PROBLEMS

31. Solve the following system of equations by relaxation method :

10x+y+z =12

x+10y+z =12
x+y+10z =12

>> The given system of equations are diagonally dominant

r'

=

-~
I

10x+y+z-12

s
Il

x+10y+z-12
R, = x+y+10z~12, be the residuals.

The solution for the system is presented in the following table called the relaxation table.
A, Ay , A, represent the increments for x, y, z respectively.
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:Ar ' Ay A, R, R2 ! R3 . Remarks !

o oo [ -2 v

Imtlall\ no increment is gwen Values of
residuals are written. A numerically large
residual R, = - 12 is made close to zero by

| giving A =1.Thatis(x, y, z)=(1,0, 0)
bemg substituted in the 3 equahcms

I Aglana nﬁ;\ﬁerlcally large residual R -1

i 1s made close to zero giving A = 1.

=d Weputy = 1in the 3 equat10n5 & the
resultant is to be added to the prevailing

"R, =-2,R,=~11,R, = 11,

i Note : This is equivalent to substituting
{(x,y,z)=(1,1,0) inthe 3 equations
to find R, » Ry, R

— - [ L - —— =

l The numerlcally largest res1dualR =-10

0 ;1 0

| becomes exactly zero for A, =1.Weput

z = 1 in the three equations and the
| resultant is added to R,=-1, R, =-1,

0 ‘ 011
- Ry = —10. Along with R,, the other

l reslduﬂs too become Zero.

It can be seen that R, , R,, R, are all zero and the exact solution of the given system
is x ~2Ax=1+0+0= 1,y-lAy=O+]+[}= Lz=3%a =0+0+1=1
Thus (x, y, z) = (1, 1, 1) is the solution of the given system of equations.

Note : This problem has been solved by Gauss ~ Seidel mehtod | Problem - 26 |

32. Solve the following system of equations by relaxation method.

12x,1+x2+x3 = 31

2x.l +8x2—3(3 = 24

3x1 + 4x2 + 10x3 = h§

>> The given system of equations are diagonally dominant.

Let R1:12x1+x2+x3—31
R2 = 2x,l + 8x2 - X, - 24
R3 = 3x1 + 4x2 + 10 Xy = 58, be the residuals.



284 NUMERICAL METHODS - 1

Let A X5 A Xy, Ay respectively represent the increments for X)Xy, Xq in the
followmg relaxation table
Axl sz Ax i R, R2 i R, Remarks
- - } _31 h o 24\ '\To ot gwen e
g 0 6 + -—25 1|_ . R3 = —.ggls_h.u_r;e_l:lcgl.igr.large and
(6 ’{])| (‘—6“24) (60_58)' —-68’1\"9‘;10)(6 58 = 2is !
; l v . Lloqe to 0. i
0 4 0 :-i 2 18 R, = ~30is numencallv large and I
(4-125) (32-30) : (16+2) ¥ :4g1vee8x4~30—21s !
i LlOSE‘ to zero. |
2 ¢ .0 3 6 —i R1 = -21is numerma}iy large and
i i
' (24-21) (4+42) (ﬁ+]8) 2gl\-’€512)<2—21-—315
—_— [ B — .___I.._.__ _— e . - . I Cloqe to Zero
0 0 -2 1 i 4 R = 2is large and r.‘ = —2gives

S ) 1) sy 10 2424 = disclioser
0 | -1 # N R2 = Bislargeand x, = - 1gives

.(—1+1)| (-8+8) ( 4+4) ~ 8 +8 = 0, Other residuals too
l\ become zero.

R,, R,, Ry areall zero and the exact solution of the given system is
=YAx; =2, x, =Y Ax,=4-1=3;x, =YAx, =6-2=4

Thus (xl P Xy, X3) = (2,3, 4)is the solution of the given system of equations.

33. Obtain the solution of the following system of equations correct to three decimal places by
applying relaxation method.

X +y +5z =110
27x +6y -z =85
6x+15y +2z = 72

>> The given system is not diagonally dominant and we need to rearrange the system
by observing the coefficients column wise.

The diagonally dominant system in the residual form is as follows.
R =27x+6y-2-85
Ry=6x+15y+2z -72
R, =x+y+542z-110

1t

3
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Let At , A v A, respectively represent the increments for x, y, z in the following

relaxation table.

A A A Remarks
' 0 0 0 :
- T ) Numerically large residuals are made
. _0_ - 0 _ 2 . -2 | close to zero.
3 0 0 I
e R R o e
_ - 1t is not possible to minimize 12 further
O 2 Y B | sincethe coefficient of xis 27.
(Y)3 302 12 -5 1
L X P Goeiimen e o s e — 3t e

w w0 PN w  # Wemultiply the entie lastrowby 10
. : _and continue with the same process.

40
i * * It is not possible to further minimize.
b 5 _ We add all the increments and multiply

Y 0 ' the entire row by 10. : I
L0 0 :
(Y )24 35 only the increments are added

yam . h
: TRl . b o N

w0 w0 | i v B Bt preceding row S mapled by
: ’ 10. Process is continued.

0O 0 3 i-113 _
- ——— © * It is not possible to further minjmize.
2 0 o !
(242 358 193§ -1
8 e s e e e R
'o2420 3580 19301 - 110

4 0 0l 2 Entire preceeding row is multiplied by

' - ! =M =4 10. Process is continued.
0 -6 0 - b 2

. only the increments are added

somemme——m s e e e

e 1 9 -0 I _.:_.7_._________1_2 3 | e e - e
(Y)2425" 3574 1926 — 7 12 ' 3 | only the increments are added.

It should be noted that we have multipiied b}; 10 three times. Hence we have
103 x = 2425, 10° y = 3574, 10%z = 1926 and correspondingly
10° R, =-7, 10°R, =12, 10'R, =3

Therefore it is equivalent to say that
x =2425, y=23574, z=1926

has reduced, (relaxed) the residuals R, R2 , R3 to - 0.007, 0.012, 0.003 close to zero.
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Thus the solution of the given system of equations correct to three decimal places is
x =2425, y=3574, z=1.926
Remark : Refer to problem-27, where we have solved the prblem by Gauss-Seidel method.

34. Solve the following system of equations by relaxation method obtaining the solution correct
to two decimal places.
9 -2y +z =50
x +5y -3z =18

-2x +2y +7z =19
>> The system is diagonally dominant.
Let Ry, =9x-2y+z-50
R, =x+5y-32-18
Ry = -2x+2y+7z-19, be the residuals.

Alsolet A, AV A, represent the increments for x, i, zrespectively in the following
relaxatlon table.

Remarks

—————— R i

. o TR, ] Increments are added and the entire row
©60 50 40 —20 B L 1 g multiplied by 10.

0 0 -
-8

0 0 I ;

1 1 b : . Increments are added and the entire row |
6]0 420 320 - -30 : —40 WL is multiplied by 10

i Increments are_be_'u"lg added '
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Hence we have 10%x = 615 ',“----lﬂzy =432, 10°z = 325 and correspondingly
2 _ 2 _ 2 _
10°R, =-4, 10°R, =0, 10 Ry=9
x =615, y =432, z = 3.25 hasreduced (relaxed) residuals close to zero.

Thus the required solution correct to two decimal places is given by

x =615, y=432, z =325

35. Obtain the solution of the following system of equations correct to one decimal place by
applying relaxation method.

Wa -2b+c=12
a+9b-c =10
2a -b +11¢c = 20
>> The given system is diagonally dominant.

Let R1:10a—2b+c—12

Ry

a+9b—c-10

R,{ = 2a-b+11c¢-20, be the residuals.

Alsolet A , A, A respectively represent the increments fora, b, ¢in the following

relaxation table.

A
a

P

0

a1 w3 1 | Increments are added
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Hence we have, 10a = 13,106 = 12,10 ¢ = 17 and correspondingly

10R, =3, 10K, = 4,10R,; =1

Therefore ¢ = 1.3, b = 1.2, ¢ = 1.7 has reduced frefaved) the residuals

Rl , Rz, R3 respectively to 0.3, (0.4, (0.1 close to zero.

Thus a =13, b = 1.2, ¢ = 1.7 is the required solution correct to one decimal place.

36. Solve by relaxation method
10x +2y +z =9
x+10y -2 =-22
-2x +3y +10z = 22
>> The given system is diagonally dominant.

Let R]=10x+2_t_,!+:—9
Ry=x+10y-2+22

R,= -2x+3y +10z-22, be the residuals.

3= -
Also let A, Ay , A_respectively represent the increments for x, ¥, z in the following
relaxation table.
C ey
Ax 5 Ay Remark _
0 . 0 :
0 0 Numerically large residuals are made
' " close to zero. ;
0o -2 !
_________ B |
| 0 0 ! . All the residuals are zero. |
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37. Solve by relaxation method :
10x -2y -3z = 205
-2x +10y -2z = 154
-2x —y +10z =120

>> The given system is diagonally dominant.

Let R, =10x-2y-3z-205
R, =-2x+10y-2z-154
Ry=-2x-y+10z-120, be the residuals.

Alsolet A, Ay . A_respectively represent the increments forx, y, zin the following

relaxation table.
A A A Remark
. x y . 2 - i
o lo ol |
i LoD .
‘ 210 ; 0
-0 20 0 j
S0 1018 !| _ —_32__}__ -2 Numerically large residuals are made |
Loy Ec]us,e to zero. ‘
o
b
' |
I . j
0 |

The system of equations has exact solution given by
x=3%A =32, yzZAy:%; z=3 A =121

Thus (x, v, z) = (32, 26, 21) isthe required solution.

Rayleigh’s power method

Preamble : We recall the definition of eigen values and the corresponding eigen
vectors of a square matrix. [ Vol-1, Unit-VIII l.

Given a square matrix 4, if there exists a scalar A and a non zero column matrix X,
such that AX = AX, then Ais called an eigen value of A and X is called an eigen vector
of A corresponding to an eigen value A.

We have also discussed the theoretical method of finding all the eigen values and the
corresponding eigen vectors of A.
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Rayleigh’s power method is an iterative method to determine the numerically largest
cigen value ( dominant eigen value ) and the corresponding eigen vector of a square
matrix. The method is well suited for computers.

Working procedure for problems

=

38.

Suppose A is the given square matrix, we assume initially an eigen vector (column
matrix) X, in a simple form like |1, 0, 01" or [0, 1, 0} or [0, 0, 1}’

or [I, 1, 1] and find the matrix product AXU which will also be a column
matrix,

We take out the largest element as the common factor (#Hiis teclinique is called

normalization) to obtain A X, = Al x
We then compute A X! D and again putit in the form A X (1) = 3(22 x(2)
by normalization.

This iterative process is continued till two consecutive iterative values of A and
X are same upto a desired degrec of accuracy.

The values so obtained arc respectively the largest eigen value and the
corresponding eigen vector of the given square matrix A.

WORKED PROBLEMS

Find the largest eigen value and the corresponding eigen vector of the matrix A by the

power method given that

g

2 0 1]
A=|020
102

|
[
L

Let x'®) < {-], 0, U] be the initial eigen vector.

”2011{1' M2’ (1]

A =lo2 0] 0| 2ol=20 [=aDxD
to2j0l 1l |05 |
20171 ] [25] 17

AXD =lo20],0 '=|o (=250 |=x2x(2

/"_-'\ - ~ "\.,

(102 _t).sj (@ !_ 0_.3 :
20171 1 [287 1

AX'P =10 2000 i=|0 |=28'!0 |=x3®x®
102 0.8‘ |26 093
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20111 1 [293] 1
AXD o200 . =293 10 — a4 x(4)
1021|093 2.86 0.98
(2011 | {298 1]
AX=ig 200 -0 =298 |0 = AP x5
1020098 2.96 0.99
2011 ] [29] (1
AXBl=lo20|]0 | =0 =299 10 = A6 x(6)
102 (099 1298 0.997
201701 1 [2997] ]
AX'Y—lo 200 =10 = 2997 | 0 = A7y x(7)
102 '[0’997J 2.994 0.999

Thus the largest eigen value is approximately 3 and the corresponding eigen
vectoris |1, 0, 171"

39. Find the dominant eigen value and the corresponding eigen vector of the matrix

6 -2 2]
A=l-2 3 -1]
| 2 -1 3

s

by power method taking the initial cigen vectoras [1, 1, 1]

>> By data 211, 1, 17 isthe initial eigen vector.

AXV—i 2 3 o1t =0 =6 |0 = D)
|2 -1 3|1 4 (.67
L 2] L :
[ e -2 2][1 ] ( 7.34 11

AXD =122 3 21|00 | =|-267 =734 ~036|=22XY
. 2-1 3 0.7 | [ 4.01 055
6 -2 277 '1" 7.82 | o1

AX® :‘—2 3 11| -036]=]-363! =78 1-046 =2 x
| 2-1 3| 055 401 0.51
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6 -2 2] [1 7.94 1
AXP) =l -2 3 —1|-046|={~38 =794 | —049 | = A ¥ x(D
2 -1 3|05 | 3.99 0.5
6 -2 2|0 1] [ 798 1 )
AXW =12 3 -1]1-049|=]-397] =798 | 05| =5 x®
2 -1 3 0.5 3.99 | 0.5
[ e -2 2] 1 8 1
AXB) =12 3 -1} (-05]={-4 -8 |-05 = A6 x(6)
2 -1 3 0.5J 4 L 0.5

Thus the dominant eigen value is 8 and the corresponding eigen vector is
{1, -0.5 05]or[2, -1, 1] equivalently.

40. Using Rayleigh's power method find numerically the largest eigen value and the
corresponding eigen vector of the matrix

>> Let X0 = [1, 0, 0] bethe initial eigen vector.

| 251 21117 251 1

A =11 3 oo =|1 1 =25|004| =aDxD
2 0 -4]:0 2 J 0.08
25 1 2] 11 '25.2] 1

AX'D =11 3 0! ]o04]|= 1121 =252 | 004 | = a(*)x(2)
L2 0 _4_ __ 0.08 Ll.(an ._U'U7J
[25 1 2} 1 [25.18 1]

AX =11 3 0-l004]=]112 | =2518 | 004! = A3 x(®
(20 ~4J 007 | 172 0.07J

We observe that X (2} = x (3

Thus the numerically largest eigen value of A is 25.18 and the corresponding eigen
vectoris{ 1, 0.04, 0.07]"
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41, Find the numerically largest eigen value and Hie corresponding eigen vector of the matrix

I 41 -1
A= 2 3 -1 | by taking the initial approximation to the eigen vector as
-21 5

[1,08,-08 ]T. Perform 5 iterations.

>> By data XO = [1,08 -0.8 ]T is the initial eigen vector. Hence we have,

41 —1] 1 5.6 1
AXID = 2 3 0.8 =| 52| =56 093] =alltxth
~21 5([-08] ~52 -0.93
f a1 1] 1] [ 5.86 | 1
AXUV = 23 1] 093| =| 572| =586 098 = a2y x(2)
-2 1 5/[|-093 _572 - 098
f 41 =17 1] [ 596 1]
Ax(?2) = | 2 3 -1 098 =| 592| =59 099 | = A3 x(3)
-2 1 5|[-00Y8 _592 ~0.99
41 1] 1] " 598 ] [ 1
AX =] 23 -1 | 099| = 59 =598 0997 | =2t x*)
-21 5:[-099 -596 - 0.997
’41—1"i_ 1"; T 5.994 1
AX =] 23 —1[| 0997 | = 5988 | =5994| 0999
21 5/|-0997 |- 5.988 ~ 0999

Thus after 5iterations the numerically largest eigen value is 5.994 and the
corresponding eigen vectoris [ 1, 0.999, —0.999 I

42. ~Find the largest cigen value and the corresponding eigen vector of the matrix A, by using
the power method by taking inttinf vectoras {1, 1, 1 4

2 -1 0"’
A=|-1 2 —'|.J
| 0 -1 2
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AX{IJ =

AX2) <

Axt3) =

AxUY

{{’l.)(‘; ) =

AX®) =

e ————y

[1,1,1 IT. Hence we have

= o= 2

— (1) (D
= at2)x(2)
_ 3(3) x(3)
*A('“X(d'
‘! (5)X(5)
i
0.7073
—1 ] = a0 x(e)
07073J'
0.7071 "
1 (T
0.7071 |

Hence the largest eigen value is 3.4146 and the corresponding eigen vector is

{07071, -1,
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43. Use the power method to find Hie dominant eigen value and the corresponding eigen vector

2 -1 0 1
of thematrix A = | =1 2 —1 with the initial eigen vector| — 1 ; Carry out 5 terations.
] 0 -1 2 | 1 J

>> It may be observed that X given here is X% in problem-42 which we got

starting with [1, 1, ]]T as the initial vector X'"! | The answer is same as of
problem-42.

EXERCISES

Selve the following sysiem of equations by (a) Gauss-Seidel iterative method
(b) Relaxation method ( Obtair: the solution correct to three decimal places '}

1. bx+2y+z2 =12, x+4y+2z = 15, x+2y+5z = 0

2. 2x+4y-—z =32, 2x+17y+4z = 35, x+3y+ 10z = 24

3. W0x-2y+z=12,x+9 -2 =10, 2x-y+ 11z = 20

4, x+17y—2z =48, 2x+2y+ 18z = 30, 30x -2y + 3z = 8

5 9v-y+2z =9 x+10y-2z = 15 2x-2y-132 = - 17

Obtain the solution of the following system of equations by relaxation method
6. Sx-y-z=3, —-x+10y-22 =7, —x—y+10z = §

7. 10x-2y—-3:+205 =10, ~2x+~10y-224104 = 0 - 2x -y +102+120 = {

Use rayleigh’s power method to find the largest eigen value and the corresponding
eigen vector of the following matrices.

161

8. |1 20| (TakeX,=1[1,0,0])
002J
5 0 1]

9. 0 -2 0 (TakeX,=1{0,1,0])
1 0 5
10 21
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1. 1,45, -2

3. 1262, 1.159, 1.694

5. 0917, 1.647, 1.195

7. =32, -26, -21

9. A=6;11,0,17

ANSWERS

2. 0994, 1.507, 1.849
4. 1.675, 2.862, 1.163
6. 1,1, 1

8 A=4;[1,05,0]

0. A =13;[1,1, 1]



